In this paper, we consider the following problem. Given four distinct vertices v 1 , v 2 , v 3 , v 4 . How many edges guarantee the existence of seven connected disjoint subgraphs X i for i = 1, . . . , 7 such that X j contains v j for j = 1, 2, 3, 4 and for j = 1, 2, 3, 4, X j has a neighbour to each X k with k = 5, 6, 7. This is the so called "rooted K 3,4 -minor problem". There are only few known results on rooted minor problems, e.g. [8, 3] . In this paper, we prove that a 4-connected graph with n vertices and 5n − 14 edges has a rooted K 3,4 -minor. Also, we consider the similar problems concerning rooted K 3,3 -minor problem and rooted K 3,2 -minor problem.
Introduction
One of the center topics in Graph theory is to find given graph as a minor. In particular, there are several deep results in this direction. One is the structure theorem of Robertson and Seymour [10] which says, for every k, if G is a graph with no K k -minor, then for a tree decomposition of G, each part of the tree is almost embeddable in some surface on which K k cannot be drawn. (For the definition of tree decomposition, we refer the reader to [1] . The definition of almost embeddable depends only on k, and roughly speaking, if for some bounded size set Z of V (G) which depends only on k, G − Z is embeddable in the surface Σ in which K k cannot be embedded, then G is said to be almost embeddable in the surface Σ. There are several other extensions of the embedding, but we just refer the reader to [10] .) This result leads Robertson and Seymour to prove Wagner's Conjecture [11] , which is the goal of Graph Minor Project. In the proof, they use the following two theorems, which are proved in [8] .
(1.1) Let G be a 3-connected graph and v 1 , v 2 , v 3 be three distinct vertices. Then either G has five connected disjoint subgraphs X 1 , . . . , X 5 such that X i contains v i for i = 1, 2, 3 and for j = 4, 5, X j has a neighbour in each X i with i = 1, 2, 3 or G is planar such that v 1 , v 2 , v 3 are on the boundary.
(1.2) Let G be a 4-connected graph and v 1 , v 2 , v 3 , v 4 be four distinct vertices. Then either G has four connected disjoint subgraphs X 1 , . . . , X 4 such that X i contains v i for i = 1, 2, 3, 4 and each X i has a neighbour in X j for j = i or G is planar such that v 1 , v 2 , v 3 , v 4 are on the boundary.
We would call 'rooted minor' theorem for these theorems. As far as we know, these two results are starting points for rooted minor problems. It turns out that these two results have a lot of applications, not only for the proof of Graph Minor theorem, but also for some structure theorems which are used to prove some existence of graph minor. For instance, Robertson, Seymour and Thomas [12] used both of them to prove Hadwiger's Conjecture for 6-chromatic case, and Kawarabayashi and Toft [6] used (1.2) to prove weaker Hadwiger's Conjecture for 7-chromatics case. (See [5] for another application.) So one can expect that such kind of results always have a lot of applications for some other "big" problems. But unfortunately, as far as we know, there are no results which give a complete characterization of other 'rooted minor' problems. Robertson and Seymour [9] , and Kawarabayashi [4] , independently, observed that if G is k-connected and has a K 2k -minor, then for any k vertices v 1 , . . . , v k , there are k disjoint connected subgraphs X 1 , . . . , X k such that each X j has a neighbour to X i for j = i. This was used to prove a connectivity result for minimum counterexample to Hadwiger's Conjecture [4] . But this does not give a complete characterization. It seems that rooted minor problem is very hard problem.
In this paper, we will look at another direction of graph minor problems. Thomason [13, 14] proved extremal results for K k -minor. By the extremal result for K k -minor, we mean the number of edges which guarantee the existence of K k -minor. Although these results do not determine exact value, they are best possible in a sense that there are random graphs which may attain the value. So one can ask, how about extremal results for rooted minor problems ?? We cannot expect too much since the only known exact value for K k -minor is up to k = 8. (For k ≤ 7, Mader [7] proved the extremal result. For k = 8 Jørgensen [2] gave the extremal function. Recently it was announced that R. Thomas and Z. Song (private communication) solved the case k = 9.) As far as we know, there is only one result. Jørgensen [3] gave a following result.
(1.3) Suppose G is 4-connected and has at least 4|V (G)| − 8 edges. Let v 1 , v 2 , v 3 , v 4 be four distinct vertices. Then G has six connected disjoint subgraphs X 1 , . . . , X 6 such that X i contains v i for i = 1, 2, 3, 4 and for j = 5, 6, X j has a neighbour to each X i with i = 1, 2, 3, 4.
We would call rooted K 2,4 -minor theorem. Motivated by this result, we will in this paper prove a rooted K 3,4 -minor result in Theorem 4. We will also prove the analogous results concerning rooted K 3,3 -minor problem in Corollary 5 and rooted K 3,2 -minor problem in Theorem 6. We will discuss the sharpness of these results in section 3. We can construct graphs which attain the bound of Theorem 6, but we cannot construct graphs which attain the bound of Theorem 4 (and Corollary 5). We do not know if our results are best possible.
Proofs
Let G be a graph and let X = {x 1 , . . . , x h } be a set of h vertices in G. Then we say that G has a K ℓ,h (X)-minor if G contains disjoint connected subgraphs H 1 , . . . , H h , L 1 , . . . , L ℓ such that x i ∈ H i and G has an H i − L j edge for i = 1, . . . , h and j = 1, . . . , ℓ. Thus a K ℓ,h (X)-minor is a rooted K ℓ,h -minor.
Lemma 1 Let G be graph with minimum degree at least 5 and at most 9 vertices. Let Y be a set of 4 vertices in G. If G does not have a K 2,4 (Y )-minor then there exists a vertex w in G so that for every vertex z ∈ G − (Y ∪ {w}) and for every vertex
Proof. This is a sketch of a proof based on computer search.
The statement is clearly true if |G| = 6.
If |G| = 8 then the complement of G is contained in one of the following graphs:
and Y has one vertex in K 2 and three non-adjacent (in G) vertices in C 6 , or G ⊂ C 3 ∪ C 5 and Y has two vertices in C 3 and two non-adjacent (in G) in C 5 .
There are 32 minimal graphs with minimal degree 5 and nine vertices. G has K 2,4 (Y )-minor for every Y except if G is (subgraph of) one of the five graphs in Figure 1 .
Let S be a separating set of vertices in a graph G. We say S is trivial if G −S has only two components and one of them consists of a vertex adjacent to every vertex in S.
The following lemma is (6.4) in Robertson, Seymour and Thomas [12] .
Lemma 2 Let G be a k-connected graph and let S be a non-trivial separating set of k vertices. Let G 1 and G 2 be proper subgraphs of G so that
. Then there exists a minor G In the case k = 4, we give a result on the connectivity of G *
.
Lemma 3 Let G be a 4-connected graph and let S ⊆ V (G) be a separating set of four vertices. Let G 1 and G 2 be proper subgraphs of G so that G = G 1 ∪G 2 and
If |G 2 | ≥ 6 then there is a minor G * 1 of G with V (G * 1 ) = V (G 1 ) and at most one pair of non-adjacent vertices in G * 1 [S] . Also G * 1 is 3-connected and if it is not 4-connected then we may choose the notation so that S = {x 1 , x 2 , y, z} where y and z are non-adjacent in G * 1 and so that every separating set of three vertices in G * 1 has the form {x,
Proof. Suppose that X is a separating set of at most three vertices in G *
Since G − X is connected, every connected component of G * 1 − X contains a vertex in S. Thus one component contains y and the other component contains z and
Theorem 4 Let G be a graph, and let X be a set of four vertices in G. If G is 4-connected and e(G) ≥ 5|G| − 14 then G has a K 3,4 (X)-minor.
Proof. Suppose that the statement of the theorem is false. Let n be the smallest number of vertices of a counterexample and let H be a counterexample with n vertices and as few edges as possible and let G be obtained from H by adding edges between all pairs of non-adjacent vertices in X. Then G is a counterexample with the property that if any edge not in G[X] is deleted from G then we get a graph which is either not 4-connected or has at most 5n − 15 edges. It is easy to check that n ≥ 8.
Claim 1 Every separating set of four vertices in G is trivial, and is not the set of neighbours of a vertex in X.
Proof. We must exclude the existence of a separating set S of four vertices, such that either 1. S is a non-trivial separating set, or 2. G − S has two components, one of which consists of a vertex of X.
So suppose that G has a separating set S of four vertices with one of these properties. Let G 1 and G 2 be proper subgraphs of G so that
. Since the subgraph of G spanned by X is complete we can assume that X ⊆ V (G 1 ).
Now let S be a separating sets of four vertices with one of the above properties chosen such that the graph G 1 containing X has fewest possible vertices. Let G * 1 be as in Lemma 3. Since |G 2 | ≥ 6, it follows from the minimality of |G 1 | and from Lemma 3 that either G * 1 is 4-connected or |G * 1 | = 5. In both cases (by minimality of n if |G *
By Menger's Theorem G contains four disjoint X − S paths. If G 2 has a K 3,4 (S)-minor then the union of this minor and the four X − S paths is a K 3,4 (X)-minor in G. Thus G 2 does not have a K 3,4 (S)-minor. Since the graph G ′ 2 obtained from G 2 by adding edges between all pairs of nonadjacent vertices in S is 4-connected, it follows from minimality of n that
Claim 2 Let x and y be adjacent vertices not both in X. Then either x and y have at least five common neighbours or they have a common neighbour of degree 4.
Proof. If G/xy is 4-connected then by minimality of n, e(G/xy) ≤ 5(n − 1) − 15 and so x and y have at least five common neighbours.
If G/xy is not 4-connected then there exists vertices u and w so that {x, y, u, w} is a separating set and by Claim 1, it is the set of neighbours of a vertex v.
It follows immediately from Claim 1 that
Claim 3 Two adjacent vertices of degree 4 have at most one common neighbour.
Claim 4 G is 5-connected.
Proof. It suffices to prove that G has no vertex of degree 4. So suppose that G has a vertex x of degree 4. It follows from Claim 1 that x ∈ X. Let y ∈ N(x). Since x and y cannot have five common neighbours, there is a vertex z ∈ N(x) of degree 4 adjacent to y. By Claim 3, z has degree 1 in N(x). Since z also has a neighbour in N(x) of degree 4, we see that y has degree 4. Similarly, the other two vertices of N(x) must have degree 4. Thus if any vertex has degree 4 then all of its neighbours also have degree 4. Since G is connected, it follows that a vertex in X has degree 4, a contradiction.
It follows from Claim 4 that the graph obtained from G by deleting an edge is 4-connected, so by the minimality of e(G), e(G) = 5n − 14, and so G has a vertex v ∈ X of degree at most 9. By Claim 2, N(v) has minimum degree at least 5. For w ∈ X at least one vertex in N(w) has degree at least 5. Thus G has minimum degree at least 6.
Claim 5 G is 6-connected.
Proof. Suppose that S ⊂ V (G) is a separating set of five vertices. Let G 1 and G 2 be proper subgraphs of G so that
We may assume X ⊂ G 1 .
Let x ′ ∈ S − X and let X ′ = S − x ′ . There exists a set of four disjoint paths in G 1 − x ′ from X to X ′ . Let G ′ 2 be the graph obtained from G by contracting these four paths and contracting all other vertices of G 1 onto either x ′ or one of these four paths. Suppose that G ′ 2 is not 4-connected. Then let T be a separating set of at most three vertices in G 
Suppose now that G Thus e 1 + e 2 ≤ 4 + e. And we get a contradiction as above.
Since G has minimum degree at least 6 and e(G) = 5n − 14, G has at least 7 vertices of degree at most 9. At least three of these vertices do not belong to X. Since G does not have a K 3,4 (X)-minor there is at least one vertex, say v, of degree at most 9, so that v / ∈ X and X ⊂ N(v).
Let P 1 , P 2 , P 3 , P 4 be disjoint paths from X to N(v), so that P i ∩ N(v) is a vertex p i , for i = 1, 2, 3, 4. Let Y = {p 1 , p 2 , p 3 , p 4 }. If N(v) has a K 2,4 (Y )-minor then this minor, v and the paths P 1 , . . . , P 4 form a K 3,4 (X)-minor. So suppose that N(v) does not have a K 2,4 (Y )-minor and let w be as in Lemma 1. Since G is 6-connected there is a path P from N(v) − Y − w to
Let z be the endvertex of P in N(v) and let u be the other endvertex of P . We may assume that notation is chosen so that
denotes the path from X to z contained in P 1 ∪P then this minor, v and the paths P ′ 1 , P 2 , P 3 , P 4 form a K 3,4 (X)-minor in G. This contradiction proves the theorem.
Corollary 5 Let G be a graph, and let X be a set of three vertices in G. If G is 3-connected and e(G) ≥ 4|G| − 9 then G has a K 3,3 (X)-minor.
Proof. Let G * be the graph obtained from G by adding a new vertex x adjacent to every vertex in G. Then G * is 4-connected and e(G * ) = e(G) + |G| ≥ 5|G| − 9 = 5|G * | − 14. By Theorem 4, G * has a K 3,4 (X ∪ {x})-minor. Thus G has a K 3,3 (X)-minor.
The graph in Figure 2 shows that Corollary 5 is best possible for graphs with at most 10 vertices. The square vertices in Figure 2 are the vertices of X. The vertex shown as an isolated vertex is adjacent to every vertex in the graph.
In a similar way we can prove that a 2-connected graph G with e(G) ≥ 3|G| − 5 has K 3,2 (X)-minor for every set X of two vertices, but this bound can be improved.
Theorem 6 Let G be a graph, and let X be a set of two vertices in G. If G is 2-connected and e(G) ≥ ⌈ The proof is based on two lemmas.
Lemma 7 Let X = {x, y} be a set of two non-adjacent vertices in a graph G. If x is not separated from y by any set of two vertices then G has a K 3,2 (X)-minor. Proof. By Menger's theorem there exists three internally disjoint paths from x to y. Since these paths have length at least 2, they form a K 3,2 (X)-minor.
Lemma 8 Let G be a graph with minimum degree at least 3 such that G − e is 2-connected for every edge e ∈ G, and let X be a set of two adjacent vertices in G so that |N(X)| ≥ 3. Suppose that G has a separating set S of two vertices. Then G has a K 3,2 (X)-minor.
Proof. We may assume that S is chosen so that the component
Proof. Let P be a longest path in G 2 with endvertices in S. Suppose that y ∈ P has a neighbour z ∈ G 2 − P . Let Q be a path from z to P in G 2 − y.
Since P is a longest path, the endvertex of Q on P is not adjacent to y in P . Thus the union of P and Q is a K 2,2 (S)-minor. Suppose therefore that no vertex on P has a neighbour outside P . Since G has minimum degree at least 3, P has two crossing chords. Thus G 2 has a K 2,2 (S)-minor.
Claim 7 G 1 contains two disjoint paths P 1 and P 2 from X to S, and a path of length at least 2 between P 1 and P 2 .
Proof. Since G is 2-connected, there exists two disjoint induced paths P 1 and P 2 from X to S. Let s i be the vertex of P i ∩ S and let x i be the vertex of X ∩ P i , for i = 1, 2. Clearly, the claim is true if X = S. Suppose first that |X ∩ S| = 1. We assume that x 2 = s 2 and that x 1 = s 1 . Every path from s 2 to P 1 is an edge. Since G − {s 1 , x 1 s 2 } is connected, there is such an edge s 2 u, u ∈ P 1 − {x 1 , s 1 }. By the minimality of C, G − {u, s 2 } is connected. Let Q be a path in G − {u, s 2 } between the components of P 1 − u. The union of P 1 , Q and s 2 u contains the required paths.
Suppose next that X ∩ S = ∅. Since {s 1 , x 2 } is not a separating set (by the minimality of C), there is a path in G 1 from P 1 − s 1 to P 2 − x 2 . If the claim is not true then any such path is an edge. Let u 1 u 2 be an edge with u 1 ∈ P 1 − s 1 , u 2 ∈ P 2 − x 2 chosen such that the distance between x 1 and u 1 in P 1 is minimal. Suppose u 1 = x 1 . Since {u 1 , x 2 } is not a separating set, there is a path Q in G 1 − {u 1 , x 2 } from the component of P 1 − u 1 containing x 1 to a vertex w in the remaining part of P 1 ∪ P 2 . By the choice of u 1 , w / ∈ P 2 .
Thus Q joins the two components of P 1 − u 1 and so the union of P 1 , P 2 , Q and u 1 u 2 contains the required paths. Thus u 1 = x 1 . By symmetry, there is an edge v 1 x 2 where v 1 ∈ P 1 − x 1 . If G 1 does not have the required paths then v 1 is the neighbour of x 1 in P 1 and u 2 is the neighbour of x 2 in P 2 . Since |N(X)| ≥ 3, there is a vertex w ∈ G 1 − {v 1 , u 2 } adjacent to either x 1 or x 2 . By minimality of C, {x 1 , x 2 } does not separate w from
Thus there is a path Q from {x 1 , x 2 } to P 1 ∪ P 2 − {x 1 , x 2 } of length at least 2. The union of Q, P 1 , P 2 and (if the endvertices of Q are on the same path P i ) {x 1 u 2 , x 2 v 1 } contains the required paths.
The union of the paths from Claim 7 and the K 2,2 (S)-minor from Claim 6 is a K 3,2 (X)-minor.
Proof of Theorem 6. Suppose that the statement of the theorem is false. Let n be the smallest number of vertices of a counterexample and let G be a counterexample with n vertices so that X = {x 1 , x 2 } spans a K 2 . Suppose that G is chosen with these properties so that e(G) is minimal. It is easy to check that n ≥ 7.
Claim 8 G has minimum degree at least 3.
Proof. Suppose that v is a vertex of degree 2. Let w be a neighbour of v. If v ∈ X then we may choose w / ∈ X. The graph G ′ = G/vw is 2-connected and e(G ′ ) ≥ e(G) − 2 ≥ . By minimality of n, G ′ and thus G has a K 3,2 (X)-minor, a contradiction.
Proof. Suppose that |N(X)| = 2. The graph G ′ obtained from G by contracting the edges of a matching between X and N(X) is 2-connected and
, a contradiction.
Claim 10 G does not have a separating set consisting of one vertex and one edge.
Proof. Suppose that the vertex s and the edge uv form a separating set. Let G 1 and G 2 be proper subgraphs of G so that From Lemma 8 we get the following Claim 11 G is 3-connected.
Claim 12 Every edge in G other than x 1 x 2 is contained in at least two triangles.
Proof. Suppose that the edge f = x 1 x 2 is contained in at most one triangle.
. Since G is 3-connected, G/f is 2-connected. Thus G/f has a K 3,2 (X)-minor, a contradiction.
Claim 13
If v ∈ G is adjacent to both x 1 and x 2 then every vertex of degree at most 5 is contained in N(v) ∪ {v}.
Proof. Suppose that w has degree at most 5 and that w / ∈ N(v) ∪ {v}. Since G is 3-connected, there exists two disjoint paths P 1 and P 2 from X to N(w) in G − v. Since N(w) has minimum degree at least 2 and |N(w)| ≤ 5 there is a path Q in N(w) between P 1 ∩ N(w) and P 2 ∩ N(w) of length at least 2. The union of P 1 , P 2 , Q and {v, w} has a K 3,2 (X)-minor, a contradiction.
Claim 14
There is at most one vertex in G adjacent to both x 1 and x 2 .
Proof. Suppose that v 1 and v 2 are neighbours of both x 1 and x 2 . Then every vertex in G − {x 1 , x 2 , v 1 , v 2 } of degree at most 5 in G is adjacent to both v 1 and v 2 . Since G does not have a K 3,2 (X)-minor, there are at most two such vertices. Further v 1 and v 2 may have degree at most 5 but then they are adjacent. x 1 and x 2 may also have degree at most 5, but by Claim 9, they do not both have degree 3. Thus the sum of all degrees in G is 2e(G) ≥ 6n − 13.
Since G − f is 2-connected for any edge f , we have e(G − f ) ≤ 13 5 n − 18 5 , and so
Thus n ≤ 8. The set W of vertices in G − {x 1 , x 2 , v 1 , v 2 } adjacent to at most one of the vertices v 1 and v 2 has at least n − 6 ≥ 1 vertices. Since vertices in W are not adjacent to both x 1 and x 2 and since n ≤ 8, vertices in W have degree at most 5, a contradiction.
Claim 15 For every separating set S of two vertices in G − x 1 x 2 , exactly one of x 1 and x 2 is adjacent to both vertices in S, and G[S] is a K 2 .
Proof. By Claim 14, x 1 and x 2 are not both adjacent to both vertices in S.
Suppose that none of them are. Assume that s 1 ∈ S is not adjacent to x 1 and that s 2 ∈ S is not adjacent to x 2 . (Possibly By Lemma 7, G − x 1 x 2 has a separating set S 1 of two vertices. By Claim 15, we may assume that S 1 ⊂ N(x 1 ), but s ∈ S 1 is not adjacent to x 2 . Let G 1 and G 2 be proper subgraphs of G so that G − x 1 x 2 = G 1 ∪ G 2 , G 1 ∩ G 2 = G[S 1 ] and x 1 ∈ G 1 , x 2 ∈ G 2 . Since G 2 is 2-connected and G 2 does not have a K 3,2 ({s, x 2 })-minor, it follows from Lemma 7 that there is a set S 2 of two vertices separating s from x 2 in G 2 . The set S 2 is a separating set of G − x 1 x 2 and so S 2 ⊂ N(x 2 ). Thus there exists proper subgraphs G 3 Suppose that s 1 ∈ S 1 and s 2 ∈ S 2 are non-adjacent. By Claim 15, there is no set of two vertices separating s 1 from s 2 in G 4 . Then by Lemma 7,  there is a K 3,2 ({s 1 , s 2 })-minor in G 3 . But then there is a K 3,2 (X)-minor in G, a contradiction.
Thus G[S 1 ∪ S 2 ] is a complete graph with 3 or 4 vertices. Let P 1 and P 2 be disjoint S 1 − S 2 paths of length at most 1. Since an edge joining x 1 and S 1 is in at least two triangles, |G 1 | ≥ 4. Since G − x 1 is 2-connected, there is a path of length at least two in G 1 − x 1 joining the vertices of S 1 . Similarly there is a path of length at least two in G 4 − x 2 joining the vertices of S 2 . If there is a path in G 3 of length at least 2 from P 1 to P 2 then get a K 3,2 (X)-minor by contracting {x 1 } ∪ P 1 and contracting {x 2 } ∪ P 2 . Thus there is no such path in G 3 and so V (G 3 ) = S 1 ∪ S 2 .
As every edge is in at least two triangles, S 1 ∩ S 2 = ∅. By contracting P 1 and contracting P 2 we get a 2-connected graph with n − 2 vertices and at least e(G) − 5 ≥ edges. By minimality of n this graph has a K 3,2 (X)-minor, a contradiction.
Concluding Remarks
In this section, we will give examples. Except for Theorem 6, we do not know if the results are best possible. Since graphs we are going to construct is not so 'standard' construction, so it is very much conceivable that one can construct better examples.
It is easy to show that a connected graph G with e(G) ≥ |G| + 2 has a K 3,1 ({x})-minor for any vertex x.
